On-shell Supersymmetry Anomalies and the Spontaneous Breaking of Gauge
  Symmetry by Dixon, J. A.
ar
X
iv
:h
ep
-p
h/
93
09
25
4v
1 
 1
0 
Se
p 
19
93
CTP-TAMU-46/93
hep-ph/9309254
On-shell Supersymmetry Anomalies and the
Spontaneous Breaking of Gauge Symmetry
J. A. Dixon1
Center for Theoretical Physics
Physics Department
Texas A & M University
College Station, Texas 77843
September, 1993
ABSTRACT
A search for supersymmetry anomalies requires an examination of the
BRS cohomology of supersymmetric Yang-Mills coupled to chiral matter,
and the physically interesting (on-shell) anomalies are those which cannot
be eliminated using the equations of motion. An analysis of this cohomol-
ogy problem shows that the simplest situation where a physically interesting
supersymmetry anomaly can arise is when:
1. the anomaly occurs in the renormalization of a composite antichiral
spinor superfield operator constructed from the chiral matter in the
theory,
2. the anomalous diagrams are one-loop triangle diagrams containing a
gauge propagator,
3. the gauge symmetry (but not supersymmetry) is spontaneously broken,
4. the initial operator has a dimension such that the triangle diagram is
at least linearly divergent,
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5. the anomaly contains only massless chiral superfields, although (appar-
ently harder to calculate) supersymmetry anomalies can also contain
massive chiral superfields,
6. the theory contains vertices which, after gauge symmetry breaking,
couple massless matter fields to massive matter fields and massive gauge
fields, like the e−νeW
+ vertices of the standard model.
The supersymmetry anomalies considered here are all ‘soft’, in the sense
that they must vanish when certain masses go to zero. It appears that
the order parameter of the resulting supersymmetry breaking may be the
vacuum expectation value that breaks the gauge symmetry. Nonzero values
for the anomalies, if they exist, appear to generate supersymmetry breaking
for observable particles with a cosmological constant that is naturally zero.
A specific example of a possibly anomalous operator which arises in this
way is then examined. An analysis is made of the most efficient way to try to
calculate supersymmetry anomalies for a simple case. It remains to do some
careful analyses and Feynman graph calculations of the relevant coefficients
for some specific examples.
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1 Introduction and Discussion
Supersymmetry breaking is considered by many physicists to be one of the
chief problems in modern elementary particle theory. It is amusing and iron-
ical that this is so, since there is so little phenomenological evidence for
supersymmetry. The reason for this strange situation is of course that super-
symmetry is theoretically very attractive. Some of the problems of dynamical
supersymmetry breaking and some references to the recent literature can be
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found in [1]. See also [2] for a recent discussion of the ‘soft terms’ approach
to supersymmetry breaking.
Recently it was suggested [3] that there might be a mechanism whereby
supersymmetry breaks itself through supersymmetry anomalies. This would
be a pretty phenomenon if it works, because it would be calculable in per-
turbation theory, inevitable rather than contrived, and it also leaves the
cosmological constant at a zero value in a natural way after supersymme-
try breaking, assuming it was zero before supersymmetry breaking, which
is often the case in superstring theory. This mechanism for supersymme-
try breaking affects only composite operators which can act as interpolating
fields for the bound states (like the hadrons) or the broken phase states (like
the electron), because this is where the supersymmetry anomalies can occur,
according to the BRS cohomology results.
These superanomalies can occur only in certain composite operators in
supersymmetric theories. This explains why they have escaped detection
up to now, even if they actually exist with non-zero coefficients. It is a
real chore to find them. This chore requires a lot of knowledge of the BRS
cohomology space before one even begins a Feynman graph calculation. Then
the calculation is very model dependent and also depends on the operator
chosen. Also, since the effect is mass dependent, the number of terms and
the integrals involved appear to make the problem fairly labour intensive.
For the example given below in section 19, the individual diagrams that
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need calculation are certainly not zero, but they might nevertheless give a
zero anomaly after regularization, addition and variation by δ. I do not at
present know a reliable method to try to calculate supersymmetry anomalies
or alternatively show that they are absent. It does appear to be impossible
to find a regularization procedure that respects both gauge invariance and
supersymmetry, so that it seems possible that the anomalies discussed here do
appear with non-zero coefficients. It is tantalizing that the superanomalies
do seem to require both gauge invariance and supersymmetry for purely
cohomological reasons as explained below. However, it may be that the
coefficients are always zero. How could the regularization problem give rise
to mass dependent anomalies? Is there some sort of choice between gauge
anomalies and supersymmetry anomalies going on here? These seem to be
hard questions. The first step at any rate is to do the present cohomology
analysis in order to even know which diagrams to calculate. The problem of
calculating them must come later.
So the purpose of this paper is to analyze the BRS cohomology to the
point necessary to have a reasonable chance of finding a superanomaly. Some
of the discussion of this section and the bare bones of the example to follow
formed part of a recent talk [4]. The present paper contains more complete
results.
To motivate the problem analyzed in this paper, I shall try to explain
some of the fairly obvious reasons that such anomalies are not present in
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some simple cases. Then we will examine a case which appears to require a
detailed calculation to determine whether a supersymmetry anomaly is or is
not present.
It is easy to write down the simplest examples where a supersymmetry
anomaly could conceivably arise. The BRS cohomology of these theories
indicates that there could be anomalies in the renormalization of compos-
ite operators (made from the elementary chiral superfields S of the theory)
which are antichiral spinor superfields. These composite operators satisfy
the antichiral constraint:
DαΨβ = 0 (1)
and take forms such as:
Ψ1α = D
2[S1DαS2] (2)
Ψ2α = S1D
2[S2DαS3] (3)
Ψ3α = S1D
2[D
2
S1DαS3] (4)
Ψ4α = D
2{D
β˙
S1Dβ˙DαS2} (5)
One could add more chiral superfields S or more supercovariant derivatives
of course. The main things to keep in mind are:
1. The expression for Ψα should not vanish
2. It is frequently necessary to use more than one flavour of superfield
S to prevent the expression from vanishing, because such expressions
may be antisymmetric under interchange of flavour indices
4
3. It is probably necessary that the resulting integral should be at least
linearly divergent to give rise to an anomaly, though it is not entirely
clear that this is either necessary or sufficient
To calculate the anomaly, one would couple such composite operators to
the action with an elementary (i.e. not composite) antichiral spinor source
superfield Φα. This means that one simply adds the following term to the
usual action of the theory:
SΦ =
∫
d6z ΦαΨα (6)
where Ψα is some composite antichiral spinor superfield, some examples of
which are given above in (2-5).
Then the anomaly would appear in the form:
δΓΦ = m
k
∫
d6z ΦαcαS
n
(7)
where ΓΦ is the one-particle irreducible generating functional with one inser-
tion of the source Φα, δ is the nilpotent BRS operator,
∫
d6z is an integral
over antichiral superspace, cα is the constant ghost parameter of rigid super-
symmetry, mk is the mass parameter m to some power k required by simple
dimensional analysis, and S
n
is the nth power of the antichiral superfield (
this might include a sum over indices which distinguish different S superfields
from each other).
To count masses we use the following assignments for the variables and
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the superfields:
m = 1; ∂µ = 1; θα =
−1
2
;S = 1; cα =
−1
2
; Φα =
1
2
; (8)
Now we define the component fields:
S(x, θ, θ) = A(y) + θαψα(y) +
1
2
θ2F (y) (9)
where
yµ = sµ +
1
2
θασ
µ
αβ˙
θ
β˙
(10)
satisfies
Dα˙y
µ = Dαy
µ = 0 (11)
Similarly we have:
Φα(x, θ, θ) = φα(y) +Wαβ˙(y)θ
β˙
+
1
2
θ
2
χα(y) (12)
The dimensions of these component fields are then:
A = 1;ψα =
3
2
;F = 2;χα =
3
2
;φα =
1
2
;Wαβ˙ = 1. (13)
An examination of examples shows that elementary dimensional counting
prevents the powers of m from working correctly to yield (7) whenever the
only vertices of the diagram are chiral vertices involving only chiral fields. It
should be possible to show this by a dimensional argument, but this has not
yet been done–at any rate it certainly seems to hold for a wealth of examples,
one of which can be found in [3].
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However when there is at least one gauge propagator in the diagram, the
powers of m easily work out correctly to yield (7). But then one has to
confront another problem, which is that one has to analyze the cohomology
again in the presence of the gauge fields. This unsolved problem has been
partially and sufficiently finessed in the present paper.
Another problem that was also unsolved and also necessary for our present
purposes is the problem of solving the full BRS cohomology of any supersym-
metric theory including the sources that are necessary to formulate the full
BRS identity. Essentially, this brings in the complication of ensuring that
the BRS cohomology space is orthogonal to the equations of motion of the
fields. This is the main subject of the present paper.
Whenever one formulates a BRS identity in the manner pioneered by
Zinn-Justin, it is necessary to also include sources f˜i for the variation of the
fields fi, and in the resulting ‘full’ BRS operator, these give rise to terms that
involve the equations of motion of the corresponding fields. This turns out
to be more or less equivalent to the Batalin-Vilkovisky quantization method.
The essential point is that this eliminates from the cohomology space any-
thing which vanishes by the equation of motion, i.e. anything which vanishes
‘on-shell’. At the simplest level, as explained more fully below, this will elim-
inate all those objects in the cohomology space which involve superfields S
which have mass terms in the action, as well as a number of higher order
terms that are of no concern at present.
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So we are now interested only in computing diagrams where the possible
supersymmetry anomaly involves massless antichiral fields S in (7). But this
raises another problem. The most promising simple case (see below) seems
to involve a triangle diagram with the Φα superfield at one vertex, two chiral
(or antichiral) superfields emerging from that vertex and the exchange of
a vector superfield between these two lines. Now the mass counting implies
that the anomaly (7) generally has a higher power of mass than the composite
operator (6) from which it arises. The only way this can happen is if some of
the interior lines are massive. Is there any way that interior massive lines can
give rise to exterior massless lines while exchanging a vector superfield? The
answer to this question is of course well known–this will happen if and only
if the gauge symmetry is spontaneously broken, provided the representations
are chosen correctly, as is discussed below. We will therefore assume that
gauge symmetry is spontaneously broken and that supersymmetry is not
spontaneously broken. Since we are looking for supersymmetry breaking
through anomalies, it is reasonable to assume that it is not otherwise broken.
This combination is in fact very easy to achieve–as is well known [5],
gauge symmetry breaking is natural and very easy to achieve in rigid super-
symmetry, but spontaneous supersymmetry breaking can only be achieved
with very contrived models, particularly if the gauge group is semisimple.
So now, if we want to examine the question of supersymmetry anomalies,
we are forced to consider a supersymmetric gauge theory with spontaneous
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breaking of the gauge symmetry. But there are more conditions, at least
for the supersymmetry anomalies that involve massless matter superfields.
In order for the relevant diagrams to exist, we must have matter multiplets
which break under the gauge breaking into a combination of massive and
massless fields, so that a massive vector superfield can have a vertex with a
massless and a massive chiral superfield.
This happens of course for the Higgs multiplet itself, but then the massless
Goldstone supermultiplets do not contribute to the relevant BRS cohomology
space, as will be shown below. We must have additional (non-Higgs) matter
multiplets which break under the gauge breaking into a combination of mas-
sive and massless fields. There are many ways to do this, and an example
is given below. Note that this happens also in the standard model, where
the neutrino remains massless after spontaneous breaking of SU(2) × U(1)
to U(1)EM simply because there is no right handed neutrino for it to form a
mass with (and because lepton conservation prevents the formation of a Ma-
jorana neutrino mass, in the minimal standard model at least). The relevant
discussion of the standard model will be the subject of a forthcoming paper
[6].
So if we want to find a simple supersymmetry anomaly, we are driven to
models with gauged supersymmetry and spontaneous breaking of the gauge
symmetry through Higgs multiplets which develop a VEV in their ‘A’ compo-
nents (but not their ‘F’ components–that would break supersymmetry). In
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addition these models must have matter which is massless at tree level, but
which gets split into massive and massless components as a result of gauge
breaking. These are the simplest models that have a chance of developing
supersymmetry anomalies in some of their composite operators at the one
loop level. Such models are of course very reminiscent of a supersymmetric
version of the standard model of strong, weak and electromagnetic interac-
tions. It is just within the realm of possibility that these anomalies could
account for the experimentally observed lack of supersymmetry in the world
with no additional assumptions in the model at all–in which case we could
say that supersymmetry breaks itself. But there is plenty of work to do before
we can determine whether this notion is right. Even if the supersymmetry
anomalies exist, considerable work will be necessary to deduce the form of
the supersymmetry breaking they give rise to.
A rather interesting and new feature is that we can see that the particular
‘soft’ mass-dependent supersymmetry anomalies we are examining here, if
their coefficients are non-zero, would give rise to a kind of supersymmetry
breaking that is a function of the VEV that breaks the gauge symmetries,
and which vanishes in the gauge symmetric limit. This is still consistent with
the conjecture [3] mentioned above that such anomalies might also provide a
natural mechanism whereby ‘supersymmetry breaks itself’, while at the same
time retaining the cosmological constant at the zero value it naturally has in
many unbroken supersymmetric theories. Spontaneous breaking of the gauge
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symmetry would not interfere with this feature, because it does not change
the vacuum energy so long as supersymmetry is not spontaneously broken at
the same time.
There is still a possibility of ‘hard’ supersymmetry anomalies too, which
we do not consider here, since they look more difficult to compute.
2 Supersymmetric gauge theory with spon-
taneous breaking of gauge symmetry
Pursuant to the above discussion, we will now consider a general supersym-
metric gauge theory coupled to chiral matter, where the gauge symmetry is
spontaneously broken. We will consider this action in terms of component
fields in the Wess-Zumino gauge, and we will fix the gauge in the way pio-
neered by ‘t Hooft for spontaneously broken theories. Naturally much of this
is simpler in superspace, but the method we use to find cohomology actu-
ally brings us back to components anyway, and also it is probably better to
use components to compute diagrams when one is looking for something as
obscure and tricky as anomalies.
The action consists of the following parts, each of which is separately
supersymmetric and gauge invariant (before spontaneous breaking):
STotal = SYM + SMatter + SChiral
+ SChiral + SGhost + SSources + SΦ + SΦ (14)
We will discuss each of these terms in the next section.
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3 Component Form of Action
The Yang-Mills supersymmetric action in the Wess-Zumino gauge takes the
form:
SYM =
∫
d4x
{
−
1
4
GaµνG
aµν −
1
2
λaασ
µ
αβ˙
Dabµ λ
bβ˙
+
1
2
DaDa
}
(15)
where we will assume that the gauge group is semisimple, and
Gaµν = ∂µV
a
ν − ∂νV
a
µ + f
abcV bµV
c
ν (16)
Dabµ λ
bβ˙
= ∂µλ
aβ˙
+ fabcV bµλ
cβ˙
(17)
We will assume that the matter is in some (generally reducible) represen-
tation of the compact semi-simple gauge group. The matrices T satisfy:
[T a, T b] = ifabcT c (18)
and have indices of the form
T aij (19)
In general these matrices are Hermitian complex matrices, which means that:
[T ai j ]
∗ = T
a j
i = T
aj
i (20)
We will assume that the VEV of the ‘A’ component takes the form
< Ai >= mui (21)
where ui is a dimensionless quantity that describes the direction and mag-
nitude in group space of the breaking, and m is the mass parameter of the
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theory. Then the ‘kinetic’ part of the matter action is, after a shift:
SMatter = −
∫
d4x
{
Diµj(mu
j + Aj)D
µk
i (muk + Ak)
+ψαiσµ
αβ˙
(Dµψ
β˙
)i − F
iF i + ψ
αjT aij λ
a
α(mui + Ai)
+ψ
α˙
j T
aj
i λ
a
α˙(mu
i + Ai)
+DaT aji (muj + Aj)(mu
i + Ai)
}
(22)
Next we must discuss the chiral part of the action. We assume that it is
such that there is a minimum at some non-zero VEV as discussed above. We
will consider non-renormalizable terms up to fourth order here just to show
how they would work, though a renormalizable theory would probably be
sufficient for all purposes.
After a shift, this takes the form
SChiral =
∫
d4x
{
mgij(u)[2A
iF j + ψαiψjα]
+ 3gijk(u)[A
iAjF k + Aiψαjψkα] +
1
m
gijkl[4A
iAjAkF l + 6AiAjψαkψlα]
}
(23)
where
gij(u) = gij + 3gijku
k + 6gijklu
kul (24)
gijk(u) = gijk + 4gijklu
l (25)
Here gij, gijk and gijkl are dimensionless group invariant tensors under the
action of the matrices T . The parameter ui in the above is a solution of the
equations:
< F i >= 2giju
j + 3gijku
juk + 4gijklu
jukul = 0 (26)
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< Da >= T aijuiu
j = 0 (27)
These equations state that the VEV of the auxiliary fields F and D are zero.
This in turn insures that supersymmetry is preserved even though there is
a non-zero VEV < Ai >= mui of the unshifted scalar field Ai. We assume
here for simplicity that there are no linear terms in the chiral action.
Now let us consider the ghost and gauge-fixing action:
SGhost = −δ
∫
d4x
{
ξa[
k
2
Za + ∂µV aµ + k m T
aj
i u
iAj + k m T
aj
i ujA
i]
}
The field ωa (used below) is the (real scalar) Fadeev-Popov ghost and ξa is
the (real scalar) Fadeev-Popov antighost. Za is a (real scalar) auxiliary field
used for convenience in gauge fixing. The ui dependent terms are included to
eliminate mixing between gauge bosons and Goldstone bosons in the gauge
fixed theory [7]. k is a gauge parameter, and any physically meaningful quan-
tity (such as the coefficient of an on-shell supersymmetry anomaly) should
be independent of it. Here δ is the BRS variation of the relevant terms, given
below. When this is expanded out using the formulae below in section (5),
we find:
SGhost =
∫
d4x
{
(Za + ǫµ∂µξ
a)[
k
2
Za + ∂µV aµ + k m T
aj
i u
iAj + k m T
aj
i ujA
i]
+ξa
k
2
(cασµ
αβ˙
cβ˙∂µξ
a + ǫµ∂µZ
a)
+∂µξa[Dabµ ω
b +
1
2
cασ
µ
αβ˙
λ
aβ˙
+
1
2
λaασ
µ
αβ˙
cβ˙ + ǫν∂νV
a
µ ]
+k m ξaT aji u
i[cα˙ψjα + T
ak
j ω
a(muk + Ak) + ǫ
µ∂µAj]
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+ k m ξaT
aj
i uj [c
αψiα + T
ai
j ω
a(m uj + Aj) + ǫµ∂µA
i]
}
(28)
All the ǫµ terms in SGhost cancel. So finally this takes the form:
SGhost =
∫
d4x
{
Za[
k
2
Za + ∂µV aµ + k m T
aj
i u
iAj + k m T
aj
i ujA
i]
+ξa
k
2
(cασµ
αβ˙
cβ˙∂µξ
a)
+∂µξa[Dabµ ω
b +
1
2
cασ
µ
αβ˙
λ
aβ˙
+
1
2
λaασ
µ
αβ˙
cβ˙]
+k m ξaT aji u
i[cα˙ψjα + T
ak
j ω
a(muk + Ak)]
+ k m ξaT
aj
i uj [c
αψiα + T
ai
j ω
a(m uj + Aj)]
}
(29)
Now we come to the ‘Source’ part of the action. This is necessary in order
to formulate the Ward identity for the theory in the form first advocated by
Zinn-Justin [8]. We introduce sources f˜ for the BRS variation δf of each
field f in the action. The (Bose-Fermi) statistics of the source is opposite to
that of the field, so that the action has even statistics (since δ is odd).
SSources =
∫
d4x
{
F˜iδA
i + ψ˜αi δψ
i
α + A˜iδF
i
+F˜
i
δAi + ψ˜
i
α˙δψ
α˙
i + A˜
i
δF i
+V˜ aµδV aµ + λ˜
aαδλaα + λ˜
aα˙
δλ
a
α˙ + D˜
aδDa
+ ω˜aδωa + ξ˜aδξa + Z˜aδZa
}
(30)
When expanded using the form of δ below, this takes the form:
SSources =
∫
d4x
{
F˜ i[cαψiα + T
ai
j ω
a(m uj + Aj) + ǫµ∂µA
i]
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+ψ˜αi [(D
j
µk(m u
k + Ak)σµ
αβ˙
cβ˙ + F icα + T
ai
j ω
aψjα + ǫ
µ∂µψ
i
α]
+A˜i[(Dµψ)
iασ
µ
αβ˙
cβ˙ + T aij ω
aF j + ǫµ∂µF
i]
+F˜
i
[cα˙ψ
i
α˙ + T
aj
i ω
a(m uj + Aj) + ǫ
µ∂µAi]
+ψ˜
iα˙
[(D
j
µi(m uj + Aj)σ
µ
α˙βc
β + F icα˙ + T
aj
i ω
aψjα˙ + ǫ
µ∂µψiα˙]
+A˜
i
[(Dµψ)
α˙
i σ
µ
α˙βc
β + T
aj
i ω
aF j + ǫ
µ∂µF i]
+V˜ µa[Dabµ ω
b +
1
2
cασ
µ
αβ˙
λ
aβ˙
+
1
2
λaασ
µ
αβ˙
cβ˙ + ǫν∂νV
a
µ ]
+λ˜aα[
1
2
Gaµνσ
µν
αβc
β − fabcλbαω
c + iDacα + ǫ
ν∂νλ
a
α]
+λ˜
aα˙
[
1
2
Gaµνσ
µν
α˙β˙
cβ˙ − fabcλ
b
α˙ω
c − iDacα˙ + ǫ
ν∂νλ
a
α˙]
+D˜a[
−i
2
cασ
µ
αβ˙
Dabµ λ
bβ˙
+
i
2
Dabµ λ
bασ
µ
αβ˙
cβ˙ + fabcDbωc + ǫν∂νD
a]
+ω˜a[−
1
2
fabcωbωc + cασµ
αβ˙
cβ˙V aµ + ǫ
ν∂νω
a]
+ξ˜a[Za + ǫµ∂µξ
a]
+ Z˜a[cασµ
αβ˙
cβ˙∂µξ
a + ǫµ∂µZ
a]
}
(31)
Finally we come to the most important part of the action for present pur-
poses. This is the part SΦ that introduces the operator that may have a
supersymmetry anomaly. It is not possible to write this in a general way.
We refer the reader to section (19) for a specific example of such an operator.
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4 Ward Identity and Construction of BRS
operator δ
Once we have the action in the above form, the Ward identity takes the
Zinn-Justin [8] ‘Master Equation’ form (a complete derivation of this for
D=4 super Yang-Mills can be found in [9]): :
∫
d4x
{ δΓ
δXi
δΓ
δX˜i
}
= 0 (32)
Here Xi represents all the fields and sources in the action. For one loop
amplitudes this reduces to the form
δΓ = 0 (33)
where the BRS operator is found from the action as follows:
δ =
∫
d4x
{δSTotal
δXi
δ
δX˜i
+
δSTotal
δX˜i
δ
δXi
}
(34)
Now the invariance of the action, and hence the Master Equation, result from
the invariance of the YM, chiral and Matter actions , and from the nilpotence
of the transformations of the fields. We can recover these transformations as
follows from the action:
δXi(x) =
δSTotal
δX˜i(x)
(35)
and the transformations of the sources in δ are given by:
δX˜i(x) =
δSTotal
δXi(x)
(36)
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5 The Full BRS Operator
The following transformations are the gauge and supersymmetry transfor-
mations for the theory with spontaneous breaking of the gauge symmetry.
They were used in SGhost and SSources in the above to derive the form of the
action itself.
δAi = cαψiα + T
ai
j ω
a(m uj + Aj) + ǫµ∂µA
i (37)
δψiα = (Dµ(mu+ A))
i
σ
µ
αβ˙
cβ˙ + F icα + T
ai
j ω
aψjα + ǫ
µ∂µψ
i
α (38)
δF i = (Dµψ)
iασ
µ
αβ˙
cβ˙ + T aij ω
aF j + ǫµ∂µF
i (39)
δV aµ = D
ab
µ ω
b +
1
2
cασ
µ
αβ˙
λ
aβ˙
+
1
2
λaασ
µ
αβ˙
cβ˙ + ǫν∂νV
a
µ (40)
δλaα =
1
2
Gaµνσ
µν
αβc
β − fabcλbαω
c + iDacα + ǫ
ν∂νλ
a
α (41)
δDa =
−i
2
cασ
µ
αβ˙
Dabµ λ
bβ˙
+
i
2
Dabµ λ
bασ
µ
αβ˙
cβ˙ + fabcDbωc + ǫν∂νD
a (42)
δωa = −
1
2
fabcωbωc + cασµ
αβ˙
cβ˙V aµ + ǫ
ν∂νω
a (43)
δξa = Za + ǫµ∂µξ
a (44)
δZa = cασµ
αβ˙
cβ˙∂µξ
a + ǫµ∂µZ
a (45)
δǫµ = −c
ασ
µ
αβ˙
cβ˙ (46)
δcα = 0 (47)
δcα˙ = 0 (48)
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The above transformations on the fields are nilpotent–this is all that is
needed to derive the Master Equation, which then implies that δ is also
nilpotent on the sources.
Next we find the variations of the sources using (36) and the foregoing
expressions (14), (15), (22), (23), (29) and (31) for the parts of the action:
δF˜i = D
j
µiD
µk
j (muk + Ak)
+ψ
α˙
j T
aj
i λ
a
α˙ +D
aT
aj
i (muj + Aj)
+2mgij(u)F
j + 3gijk(u)(2A
jF k + ψαjψkα) +
12
m
gijkl(A
jAkF l + ψαjψkαA
l)
+Zak m T
aj
i uj + ξ
ak m T
aj
k ujT
ak
i ω
a
+ T aji F˜jω
a + (Dµψ˜)
α
i σ
µ
αβ˙
cβ˙ + ǫµ∂µF˜i (49)
δψ˜iα = σ
µ
αβ˙
(Dµψ
β˙
)i + T
aj
i λ
a
α(muj + Aj)
+2mgij(u)ψ
αj + 6gijk(u)A
jψkα +
12
m
gijklA
jAkψlα + k m ξ
aT
aj
i ujcα
+ F˜icα + T
aj
i ω
aψ˜jα + (DµA˜)iσ
µ
αβ˙
cβ˙ + ǫµ∂µψ˜iα (50)
δA˜i = −F i + 2mgij(u)A
j + 3gijk(u)A
jAk +
4
m
gijklA
jAkAl
+ cαψ˜iα + T
aj
i ω
aA˜j + ǫ
µ∂µA˜i (51)
δV˜ µa = (DνGµν )
a −
1
2
fabcλbασ
µ
αβ˙
λ
bβ˙
+T aij (mu
j + Aj)D
µk
i (muk + Ak) +D
µk
i (mu
i + Ai)T
aj
k (muj + Aj)
+T aij ψ
αjσ
µ
αβ˙
ψ
β˙
i − ∂
µZa + T aij (m u
j + Aj)ψ˜αi σ
µ
αβ˙
cβ˙+
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+T aij A˜iψ
jασ
µ
αβ˙
cβ˙ + T
aj
i A˜jψ
iα˙
σ
µ
α˙βc
β
+(Dνλ˜)
aασ
µν
αβc
β + (Dνλ˜)
aα˙σ
µν
α˙β˙
cβ˙
+fabcD˜b[
−i
2
cασ
µ
αβ˙
λ
cβ˙
+
i
2
λcασ
µ
αβ˙
cβ˙]
+ fabc(V˜ µb − ∂µξb)ωc + ω˜acασµ
αβ˙
cβ˙ + ǫν∂ν V˜
µa (52)
δλ˜aα =
−1
2
σ
µ
αβ˙
(Dµλ)
aβ˙ + T
ai
j (m ui + Ai)ψ
αj −
1
2
(V˜ aµ − ∂µξ
a)σµ
αβ˙
cβ˙
+ fabcλ˜bαω
c +
i
2
(DµD˜)
aσ
µ
αβ˙
cβ˙ + ǫν∂ν λ˜
a
α (53)
δD˜a = Da + T aji (muj + Aj)(mu
i + Ai)
+ iλ˜aαcα − iλ˜
aα˙
cα˙ + fabcD˜bωc + ǫν∂νD˜
a (54)
δω˜a = Dµab(V˜ bµ − ∂µξ
a) + ǫν∂νω˜
a
+ k m ξbT bji u
iT akj (muk + Ak) + k m ξ
bT
bj
i ujT
ai
j (m u
j + Aj)
+[F˜iT
ai
j (m u
j + Aj) + ψ˜αi T
ai
j ψ
j
α + A˜iT
ai
j F
j + comp. conj.]
− fabcλ˜bαλ
αc + fabcλ˜
bα˙
λ
c
α˙ + f
abcD˜bDc + fabcω˜bωc (55)
δξ˜a =
k
2
cασ
µ
αβ˙
cβ˙∂µξ
a − ∂µ[D
ab
µ ω
b +
1
2
cασ
µ
αβ˙
λ
aβ˙
+
1
2
λaασ
µ
αβ˙
cβ˙]
+k m T aij u
j[cα˙ψiα˙ + T
ak
i ω
a(muk + Ak)]
+k m T
ai
j ui[c
αψjα + T
aj
k ω
a(muk + Ak)]
+ cασµ
αβ˙
cβ˙∂µZ˜
a + ǫµ∂µξ˜
a (56)
δZ˜a = kZa + ∂µV aµ + k m T
ai
j u
jAi
+ k m T
ai
j uiA
j + ξ˜a + ǫµ∂µZ˜
a (57)
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6 The ‘linear’ part of δ
We will find it useful to collect certain terms in δ when they have a common
heritage. The entire operator can be written in the form:
δ = cαΛα + c
α˙Λα˙ + c
α∇α + c
α˙∇α˙ +mc
αΣα +mc
α˙Σα˙
+ δ Kinetic +mδMass + δNonlinear + ǫ
µ∂µ − c
ασ
µ
αβ˙
cβ˙(ǫµ)† (58)
where we take terms which are homogeneous in the fields or homogeneous
with one ghost c or c for our ‘linear’ terms. These decompose further into:
Λα = Λα Matter + Λα Gauge + Λ˜α Matter + Λ˜α Gauge (59)
∇α˙ = ∇α˙ Matter +∇α˙ Gauge + ∇˜α˙ Matter + ∇˜α˙ Gauge +∇α˙ Ghost (60)
δ Kinetic = δ Kinetic Matter
+ δKinetic Matter + δKinetic Gauge + δKinetic Ghost (61)
δ Mass = δMass Matter + δ Mass Matter + δ Mass Gauge
+δ Mass Matter→Gauge + δ Mass Gauge→Matter
+ δMass Ghost + δ Mass Matter→Ghost + δ Mass Ghost→Matter (62)
It is convenient to introduce the following abbreviations:
T ai = T aij u
j (63)
T
a
i = T
aj
i uj = T
aj
i uj (64)
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Gab = T aiT
b
i + T
biT
a
i (65)
Then the above operators can be written in the form:
Λα Matter =
∫
d4x
{
ψiα
δ
δAi
+ F i
δ
δψiα
}
(66)
Λ˜αMatter =
∫
d4x
{
ψ˜iα
δ
δA˜i
+ F˜i
δ
δψ˜ai
}
(67)
∇α˙ Matter =
∫
d4x
{
∂µψ
iασ
µ
αα˙
δ
δF i
+ ∂µA
iσ
µ
αα˙
δ
δψiα
}
(68)
∇˜α˙ Matter =
∫
d4x
{
∂µψ˜
α
i σ
µ
αα˙
δ
δF˜i
+ ∂µA˜iσ
µ
αα˙
δ
δψ˜iα
}
(69)
Λα Gauge =
∫
d4x
{1
2
σ
µ
αβ˙
λ
a
β˙
δ
δV aµ
+ iDa
δ
δλaα
}
(70)
Λ˜α Gauge =
∫
d4x
{
−
1
2
σ
µ
αβ˙
V˜ µa
δ
δλ˜
a
β˙
+ iλ˜aα
δ
δD˜a
}
(71)
∇α Gauge =
∫
d4x
{1
2
∂µV
a
ν σ
µν
αβc
β δ
δλaβ
−
i
2
σ
µ
αβ˙
∂µλ
aβ˙ δ
δDa
}
(72)
∇˜α Gauge =
∫
d4x
{
σ
µν
αβ∂ν λ˜
aβ δ
δV˜ µa
+ σµ
αβ˙
∂µD˜
a δ
δλ˜
a
β˙
}
(73)
δ Kinetic Matter =
∫
d4x
{
✷Ai
δ
δF˜i
+ σµ
αβ˙
∂µψ
β˙
i
δ
δψ˜αi
− F i
δ
δA˜i
}
(74)
δKinetic Gauge =
∫
d4x
{
(✷V aµ − ∂µ∂νV aν )
δ
δV˜ µa
+ σµ
αβ˙
∂µλ
aβ˙ δ
δλ˜aα
+ σµα˙β∂µλ
aβ δ
δλ˜
a
α˙
+Da
δ
δD˜a
}
(75)
δMass Matter =
∫
d4x2gij
{
F j
δ
δF˜i
+ ψjα
δ
δψ˜iα
+ Aj
δ
δA˜i
}
(76)
δMass Gauge = m
∫
d4xGabV bµ
δ
δV˜ µa
(77)
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δMass Matter→Gauge =∫
d4x
{
(∂µV
µa +Da)T
a
i ]
δ
δF˜i
+ T
a
i λ
a
α
δ
δψ˜iα
}
(78)
δ Mass Gauge→Matter =
∫
d4x
{
[T ai∂µAi + T
a
i ∂
µAi]
δ
δV˜ µa
+ T
b
iψ
j
α
δ
δλ˜aα
+ T aiψiα˙
δ
δλ˜
a
α˙
+ (T
a
iA
i + T aiAi)
δ
δD˜a
}
(79)
Here are some ghost and gauge-fixing dependent supersymmetry transforma-
tions:
Σα =
∫
d4x
{
kT
b
iψ
iα δ
δξ˜a
+ k ξaT
b
i
δ
δψ˜iα
}
(80)
∇α Ghost =
∫
d4x
{1
2
σ
µ
αβ˙
∂µλ
aβ˙ δ
δξ˜a
+
1
2
σ
µ
αβ˙
∂µξ
a δ
δλ˜
a
β˙
}
(81)
Here is a rather amorphous collection of ghost and gauge-fixing dependent
linear terms:
δKinetic Ghost =
∫
d4x
{
−∂µZa
δ
δV˜ µa
−✷ωa
δ
δξ˜a
+(kZa + ∂µV aµ + ξ˜
a)
δ
δZ˜a
+ T aiωa
δ
δAi
+ T
a
iω
a δ
δAi
+ ∂µω
a δ
δV aµ
+ ∂µ(V˜
aµ − ∂µξa)
δ
δω˜a
+ Za
δ
δξa
}
(82)
δ Mass Ghost =
∫
d4xGab
{
k ωb
δ
δξ˜a
+ kξb
δ
δω˜a
}
(83)
δMass Matter→Ghost = kZ
aT
a
i
δ
δF˜i
(84)
δMass; Ghost→Matter =∫
d4x
{
k(T aiAi + T
a
iA
i)
δ
δZ˜a
+ (T aiF˜i + T
b
i F˜ )
δ
δω˜a
}
(85)
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Finally there are a large number of terms that are non-linear which can
all be deduced given the total form of δ above. Unfortunately it is necessary
to write them all down and include them in the grading of δ even though
most of them will play no role in the spectral sequence that we will use to
find the cohomology. The problem is that only by going through all the steps
can one be sure that nothing important has been missed. In fact some of
the non-linear terms do play an important role, even though most of them
do not.
7 Non-linear terms
The non-linear terms in the above BRS transformations are:
δNonlinearA
i = T aij ω
aAj (86)
δNonlinearF˜i = V
j
µi∂
µAj + ∂µ[V
µk
i Ak] + V
j
µiV
µk
j (muk + Ak)
+ψ
α˙
j T
aj
i λ
a
α˙ +D
aT
aj
i Aj
+3gijk(u)[2A
jF k + ψαjψkα] +
12
m
gijkl[A
jAkF l + Ajψαkψlα]
+ξak m T
aj
k ujT
ak
i ω
a
+ T aki F˜jω
a + (Vµψ˜)
α
i σ
µ
αβ˙
cβ˙ (87)
δNonlinearψ
i
α = (VµA)
iσ
µ
αβ˙
cβ˙ + T aij ω
aψjα (88)
δNonlinearψ˜iα = σ
µ
αβ˙
(Vµψ
β˙
)i + T
ai
j λ
a
αAi
+6gijk(u)A
jψkα +
12
m
gijklA
jAkψlα
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+ T aji ω
aψ˜jα + (VµA˜)iσ
µ
αβ˙
cβ˙ (89)
δNonlinearF
i = (Vµψ)
iασ
µ
αβ˙
cβ˙ + T aij ω
aF j (90)
δNonlinearA˜i = 3gijk(u)A
jAk +
4
m
gijklA
jAkAl
+ T aji ω
aA˜j (91)
δNonlinearV
a
µ = V
ab
µ ω
b (92)
δNonlinearV˜
µa = fabcV bν [∂µV cν − ∂νV
µc] + fabc∂ν [V µbV cν ] + f
abcV bνf cdeV µdV eν
−
1
2
fabcλbασ
µ
αβ˙
λ
bβ˙
+T aij A
j∂µAi + T
ai
j Ai∂
µAj + T aij mu
jV
µk
i Ak + V
µk
i mu
iT
aj
k Aj
+T aij A
jV
µk
i muk + V
µk
i A
iT
aj
k muj + T
ai
j A
jV
µk
i Ak + V
µk
i A
iT
aj
k Aj
+T aij ψ
αjσ
µ
αβ˙
ψ
β˙
i + T
ai
j A
jψ˜αi σ
µ
αβ˙
cβ˙ + T
ai
j Aiψ˜
jα˙
σ
µ
α˙βc
β
+T aij A˜iψ
jασ
µ
αβ˙
cβ˙ + T
ai
j A˜
j
ψ
α˙
i σ
µ
α˙βc
β
+(Vνλ˜)
aασ
µν
αβc
β + (Vνλ˜)
aα˙σ
µν
α˙β˙
cβ˙
+fabcD˜b[
−i
2
cασ
µ
αβ˙
λ
cβ˙
+
i
2
λcασ
µ
αβ˙
cβ˙]
+ fabc(V˜ µb − ∂µξb)ωc + ω˜acασµ
αβ˙
cβ˙ (93)
δNonlinearλ
a
α =
1
2
fabcV bµV
c
ν σ
µν
αβc
β − fabcλbαω
c (94)
δNonlinearλ˜
a
α =
1
2
σ
µ
αβ˙
(Vµλ)
aβ˙ + T aij Aiψ
αj
+ fabcλ˜bαω
c +
i
2
(VµD˜)
aσ
µ
αβ˙
cβ˙ (95)
δNonlinearD
a =
−i
2
cασ
µ
αβ˙
V abµ λ
bβ˙
+
i
2
V abµ λ
bασ
µ
αβ˙
cβ˙ + fabcDbωc (96)
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δNonlinearD˜
a = T aji AjA
i
+ fabcD˜bωc (97)
δNonlinearω
a = −
1
2
fabcωbωc + cασµ
αβ˙
cβ˙V aµ (98)
δNonlinearω˜
a = V µab(V˜ bµ − ∂µξ
a)
+ k m ξbT bji u
iT akj Ak + k m ξ
bT
bj
i ujT
ai
j A
j
+[F˜iT
ai
j A
j + ψ˜αi T
ai
j ψ
j
α + A˜iT
ai
j F
j + comp. conj.]
− fabcλ˜bαλ
αc + fabcλ˜
bα˙
λ
c
α˙ + f
abcD˜bDc + fabcω˜bωc (99)
δNonlinearξ
a = 0 (100)
δNonlinearξ˜
a = −∂µ[V
ab
µ ω
b]
+k m T aij u
jT
ak
i ω
aAk
+k m T
ai
j uiT
aj
k ω
aAk
+ cασµ
αβ˙
cβ˙∂µZ˜
a (101)
δNonlinearZ
a = cασµ
αβ˙
cβ˙∂µξ
a (102)
δNonlinearZ˜
a = 0
δNonlinearǫµ = −c
ασ
µ
αβ˙
cβ˙ (103)
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8 Gradings
We want to examine some aspects of the BRS cohomology of the foregoing
formidable operator δ. To do this we shall use a spectral sequence, which
in turn is generated by a grading. Familiarity with the methods and results
of [10] [11] [12] [13] [14] and [15] will be assumed here. See also [16] [17]
[18] for a different approach. The choice of the grading is far from unique.
Each grading has some advantages and some disadvantages. To find the
present one, all the terms in δ were put on a microcomputer spreadsheet and
a number of possibilities were tried. For this purpose, δ was divided into 97
different terms. In general, for an arbitrary (integral) grading, δ will split up
into a sum of the form
δ =
N+∑
i=−N
−
δi (104)
However a spectral sequence arises in the manner contemplated in [10] only
when the lower limit satisfies N− = 0. We will call this a positive grading.
By experimenting on the spreadsheet one quickly finds a number of gradings
that grade δ positively, and many more that give N− < 0. It is necessary
to try to choose one of the positive gradings that yields a sufficiently simple
form for the low δi and their Laplacians ∆i. There is often an ‘equivalence
class of gradings’ which all give rise to the same E∞, and, in such cases, it
does not make much difference which grading in the class one chooses.
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A grading that seems very useful for the present problem is:
NGrading = 3[N
′
Matter + N˜
′
Matter +N
′
Matter +
˜
N
′
Matter]
+2[N ′Gauge + N˜
′
Gauge] + 7[NMatter +NMatter] + 11NGauge
+3[N(c) +N(c)] +NGaugeFixing + 4N˜GaugeFixing
+N(ǫ) + 17N(ω) + 2N(ω˜) (105)
where
NMatter = N [A] +N [ψ] +N [F ] (106)
N˜Matter = N [A˜] +N [ψ˜] +N [F˜ ] (107)
N ′Matter = 3N [A] + 2N [ψ] +N [F ] (108)
N˜ ′Matter = 3N [A˜] + 2N [ψ˜] +N [F˜ ] (109)
NGauge = N [V ] +N [λ] +N [λ] +N [D] (110)
N˜Gauge = N [V˜ ] +N [λ˜] +N [λ˜] +N [D˜] (111)
N ′Gauge = 3N [V ] + 2N [λ] + 2N [λ] +N [D] (112)
N˜ ′Gauge = N [V˜ ] + 2N [λ˜] + 2N [λ˜] + 3N [D˜] (113)
NGaugeFixing = N [Z] +N [ξ] (114)
N˜GaugeFixing = N [Z˜ ] +N [ξ˜] (115)
These definitions are motivated by the simple relations:
[N ′Matter,ΛαMatter] = −ΛαMatter] (116)
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[N ′Matter,∇α˙Matter] = ∇α˙Matter] (117)
with similar relations for all the other cases. This grading was found by
trying to duplicate the success of the grading used for the pure chiral case
without gauge fields or sources for BRS variations. It is also adapted for
separating the gauge fields from the matter fields, since mixing them causes
difficulties. It would be nice to treat the chiral fields and sources in exactly
the same way, but this is incompatible with a positive grading and the other
requirements. It seems a good idea to keep the degrees of V and ω identical
in view of the BRS cohomology of pure Yang-Mills, so that the operator
∂µω
a δ
δV aµ
occurs in δ0 and so eliminates all derived ω fields. Next one wants
to ensure that the operator ǫµ∂µ occurs after the operator ∂µω
a δ
δV aµ
so that
the results of [10] can eventually be used. The operator cασµ
αβ˙
cβ˙(ǫµ)† must
be of higher order than ǫµ∂µ or else there are very difficult mixings.
Once these criteria are met, there is very little freedom in choosing the
grading left in the problem. The other terms are determined so that δ0
generates some strong and simple restrictions.
Actually, it is clear that a great deal of information is obtained from the
existence of a grading like the present one. It is susceptible of much more
exploitation. I believe that the full problem can also be solved using this or
a similar grading, but it requires lots more work, and there are still some
tricky problems.
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We note that the ghost number is given by the grading operator
NGhosts = N [ω] +N [ǫ] +N(c) +N [c]−N [ξ]
−N [V˜ ]−N [ψ˜]−N [ψ˜]− 2N [ω˜]−N [λ˜]−N [λ˜]
−N [F˜ ]−N [F˜ ]−N [A˜]−N [A˜]−N [D˜]−N [Z˜ ] (118)
It satisfies the simple relations
[NGhosts, δ] = δ (119)
[NGhosts, STotal] = 0 (120)
9 Space E1
Using the grading above, we find
δ =
i=50∑
i=0
δi (121)
and all these δi (some of which are zero) will now be presented and discussed
in the context of the limited result that we want to establish in this paper.
The first operator in the series is:
δ0 = c
αΛα Matter + c
α˙Λα˙ Matter + c
αΛ˜α Matter + c
α˙Λ˜α˙ Matter
+
∫
d4x{Za
δ
δξa
+ ξ˜a
δ
δZ˜a
+ ∂µω
a δ
δV aµ
+ ∂µV˜
µa δ
δω˜a
} (122)
The cohomology of the c-dependent parts of this operator are already
known and have been analyzed at length in [11]. The next two terms simply
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eliminate all dependence on the four fields ξ, Z, ξ˜ and Z˜ from the cohomology
space E1. Their presence here means that we can now also ignore all the
terms in the higher operators δ that depend on these fields, since these will
all give zero when sandwiched between projection operators onto the space
E1. The next two terms are also simple to analyze–see [10]. In summary, the
equations determining the space E1 are:
(ωaµ1···µk)
†E1 = 0; (k ≥ 1) (123)
(V a(µ1,···µk))
†E1 = 0; (k ≥ 1) (124)
(ω˜aµ1···µk)
†E1 = 0; (k ≥ 0) (125)
(V˜ aµ,µµ1···µk)
†E1 = 0; (k ≥ 0) (126)
(ξ˜aµ1···µk)
†E1 = 0; (k ≥ 0) (127)
(Z˜aµ1···µk)
†E1 = 0; (k ≥ 0) (128)
(ξaµ1···µk)
†E1 = 0; (k ≥ 0) (129)
(Zaµ1···µk)
†E1 = 0; (k ≥ 0) (130)
[
ΛαMatter + Λ˜α Matter
]
E1 = 0 (131)
[
Λα˙ Matter + Λ˜α˙ Matter
]
E1 = 0 (132)
N(c)[NMatter + N˜Matter]E1 = 0 (133)
N(c) [NMatter + N˜Matter]E1 = 0 (134)
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We must now refer to [15] for a discussion of the solution of the equa-
tions involving Λ. The current problem is no different except that there are
additional variables A˜ etc.
10 The Operator d1
The next operator in the sequence is:
δ1 = c
αΛα Gauge + c
α˙Λα˙ Gauge + c
αΛ˜α Gauge + c
α˙Λ˜α˙ Gauge + ǫ
µ∂µ
+
∫
d4x
{
F i
δ
δA˜i
+ F i
δ
δA˜
i
+mT aiZa
δ
δF˜
i
+mT
a
iZ
a δ
δF˜i
+mT
a
i c
αξa
δ
δψ˜αi
+mT aicα˙ξa
δ
δψ˜
α˙i
+mT
a
i F˜
i δ
δω˜a
+mT aiF˜i
δ
δω˜a
+mT aiωa
δ
δAi
+mT
a
iω
a δ
δAi
}
(135)
Using the properties of Π1 above, we immediately deduce that d1 has the
considerably simpler form
d1 = Π1δ1Π1 = Π1
{
cαΛα Gauge + c
α˙Λα˙ Gauge + c
αΛ˜α Gauge + c
α˙Λ˜α˙ Gauge + ǫ
µ∂µ
+
∫
d4x{F i
δ
δA˜i
+ F i
δ
δA˜
i
+mT aiωa
δ
δAi
+mT
a
iω
a δ
δAi
}
Π1 (136)
Here we shall not take up the large task of analyzing the cohomology
of these Λα Gauge operators. It looks likely that this may be done in a fairly
straightforward way along the lines of [15] and it also appears that the answer
may again be highly nontrivial.
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11 Masses and the Equation of Motion
In this paper we often have to deal with the dimensional parameter m. All
other parameters can be chosen to be dimensionless multiples of this param-
eter to various powers.
Let us examine a very simple example. Suppose that we start with the
simplest example of (6)
SΦ =
∫
d6z
1
m
ΦαD2(S1DαS2) =
∫
d4x
1
m
{χαF1ψ2α + · · ·} (137)
and somehow generate the corresponding general form of (7) (We will ignore
the index on Si):
δΓΦ =
∫
d6z
1
m
Φαcα[g1m
3S + g2m
2S
2
+ g3mS
3
+ g4S
4
]
=
∫
d4x
1
m
{χαcα[g1m
3A+ g2m
2A
2
++g3mA
3
+ g4A
4
] + · · ·} (138)
Here the 1
m
is inserted so that χα will have its canonical dimension of 3
2
,
and the dimensions of the anomalous part are fixed by simple dimensional
counting. All the coefficients gi are dimensionless. Then clearly some of the
terms (138) are related by the pure chiral part of the equation of motion. How
do we pick out the physically important part that remains in the cohomology
space when the equation of motion part is included?
The first question is whether m should be treated as a spacetime inde-
pendent field like the supersymmetry ghost cα or merely as a constant, for
the purposes of finding the BRS cohomology of the operator δ. In fact, it is
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clearly necessary to treat it as a field for dimensional consistency. We will
now see how this works.
Suppose that the A field bit of the pure chiral part of the equation of
motion in δ for this case has the very simple form:
δ = [mA + gA2]A˜† (139)
Then its adjoint is:
δ = A˜[mA+ gA2]† = A˜[A†m† + gA†A†] (140)
and we use the relation
[m†, m] = 1 (141)
thus treating m like a constant field, rather than as a constant.
How does the cohomology work for this case? Let us use the spectral
sequence method for this operator, using the grading
NGrading = AA
† + A˜A˜† (142)
Then
δ0 = mΩ (143)
where
Ω = AA˜† (144)
and
δ1 = gA
2A˜† (145)
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We easily see that
∆0 = [N(A) +N(A˜)]N(m) + Ω
†Ω (146)
so that
E1 = X(A) + Y (m) (147)
where X and Y are arbitrary functions of the indicated variables and no
others. Now clearly
δ1E1 = 0 (148)
because E1 is independent of A˜ and we have
E∞ = E1 (149)
for the same reason: all the operators dr are zero for r ≥ 1 because they all
need δ1Πr = 0 in their construction.
But how do we find the correspondence
E∞ → H (150)
for use in extracting the physically meaningful part of (138) that is in the
cohomology space of the full operator δ including the equation of motion
term?
One way to see it is to write the above expression as an expression which
vanishes by the equation of motion plus a remainder. This is
∫
d4x
1
m
{χαcα[g1m
3A + g2m
2A
2
++g3mA
3
+ g4A
4
] + · · ·}
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=
∫
d4x
1
m
{
χαcα
[
[mA + gA
2
][g′1m
2 + g′2mA + g
′
3A
2
]
+ g′4A
4
+ · · ·}
=
∫
d4x
1
m
{
χαcα
[
δA˜[g′1m
2 + g′2mA + g
′
3A
2
]
+ g′4A
4
+ · · ·} (151)
and the coefficient of the last term, which is the anomaly, is easily seen to be
g′4 = g4 − gg3 + g
2g2 − g
3g1 (152)
This should be gauge-invariant and physically meaningful. Clearly the cor-
respondence (150) here is simply an identity–we take the term that has no
masses to be our cohomology space and all the others are in the image of δ,
but some care is needed to get the coefficient right as shown above. Let us
check that this coefficient is indeed singled out by the cohomology by writing
the expression in a different way:
∫
d4x
1
m
{
χαcα
[
[mA + gA
2
][g′1m
2 + g′2mA + g
′
3A
2
]
+ g′′1m
3A} (153)
Now the physically meaningfull quantity should be g′′1. We find that it is
given by:
g′′1 =
1
g3
[g4 − gg3 + g
2g2 − g
3g1] (154)
Note the close relation between (152) and (154). In particular, since g is a
physical coupling constant, it is clear that gauge invariance of one implies
gauge invariance of the other. In this formulation the isomorphism (150) is
realized in a less obvious way.
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It would be possible to introduce more factors of 1
m
in this context and
generate an infinite series, and in this way ‘eliminate the cohomology space’.
Clearly once this process starts it must be continued to all powers of 1
mk
to
completely ‘eliminate all anomalies’. However this would not be a natural
procedure in the present context, because no more factors of 1
m
should be
introduced than were present in the starting operator (137). Since the theory
is renormalizable so long as we do not propagate the Φα field and restrict
ourselves to treating it to first order, there is no justification for introducing
such an infinite series of renormalizations of arbitrary non-renormalizable
order.
Incidentally it seems unlikely that an operator as simple as (137) will be
likely to develop an anomaly, because the diagrams for it are not linearly (or
more) divergent, which is probably necessary to develop an anomaly, if we
can judge from the known cases.
12 The Space E∞Special
It is not at all obvious, looking at the highly complicated operator δ above,
whether one can find a subspace of the cohomology space H = ker[δ+ δ†] ≈
E∞ without finding the solution to the whole problem. But, fortunately, this
can in fact be done here, as we now explain.
We shall concentrate on the following kind of polynomial and shall find
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a set of restrictions on it which imply that it will belong to E∞.
E0 Special = P [A,ψ, F, A˜, ψ˜, F˜ , N(c) ≥ 1, N(ǫ) = 4] (155)
and we will find equations for the spaces
Er Special = E0 Special ∩ Er (156)
What we mean here is that this polynomial depends only on the field variables
shown and no others, that it contains no derivatives ∂µ, that it has N(c) ≥ 1
and N(ǫ) = 4. Of course the complex conjugate of the above works the same
way and we shall not treat it separately.
The problem we must confront is that these polynomials do get mixed
with others by the operators dr in general, and we have to demonstrate that,
with suitable restrictions, all the operators dr and (dr)
† do in fact give zero
on the subspace E∞Special. We will now find a further set of constraints which
we can impose to ensure that this is indeed a subspace of E∞.
13 The Space E2Special = E2 ∩E0Special
Our next concern is with the last five terms of (136) since all the operators
cαΛα Gauge+c
α˙Λα˙ Gauge+c
αΛ˜α Gauge+c
α˙Λ˜α˙ Gauge (and their adjoints) certainly
give zero on our subspace E∞Special because it contains no gauge fields. First
we have the operator
Π1ǫ
µ∂µΠ1 (157)
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This is zero on our subspace because it has N(ǫ) = 4 and the adjoint is zero
because our subspace contains no derivatives. The terms
∫
d4x
[
F i
δ
δA˜i
+ F i
δ
δA˜
i
]
(158)
are zero in the antichiral subspace that has N(c) ≥ 1 and in the chiral
subspace that has Nc ≥ 1, since it takes chiral to antichiral or vice versa
(same for adjoints). Finally we have the terms:
Π1
∫
d4x{mT aiωa
δ
δAi
+mT
a
iω
a δ
δAi
}
Π1 (159)
These are the well known homogeneous terms that prevent the appearance
of mass terms for Goldstone bosons in a spontaneously broken theory. The
situation here is more complicated because we are already in E1 so that the
projection operators have a non-trivial effect in this operator. We will simply
impose the equations
[T ai A
i]†E2Special = [T
a
i ψ
i
α]
†E2Special = [T
a
i F
i]†E2Special
= [T aiA˜i]
†E2Special = [T
aiψ˜iα]
†E2Special = [T
aiF˜i]
†E2Special = 0 (160)
which are stronger than we need. These equations eliminate from the coho-
mology space all those chiral multiplets (and their sources) which contain the
Goldstone bosons of the spontaneous breaking of the gauge symmetry. So
these equations eliminate any dependence on the Goldstone type multiplets,
but still allow dependence of E2Special on all the other chiral multiplets. A
complete treatment of these equations here would lead us into a treatment
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of the gauge fields too, since ω plays an important role in the operator above
in (159).
14 The Space E3Special = E3 ∩E0 Special
The next term in the expansion of δ is:
δ2 =
∫
d4x
{
∂µZ
a δ
δV˜ aµ
+✷ξa
δ
δω˜a
}
(161)
It is easy to see that
δ2E2Special = δ
†
2E2Special = 0 (162)
because this space contains no gauge fields or ghosts. But the complete d2
operator is actually of the form
d2 = Π2{δ1
δ
†
0
∆0
δ1 − δ2}Π2 (163)
Therefore, to check that
d2E2 Special = d
†
2E2 Special = 0 (164)
requires a bit more work. These do in fact give zero because the other terms
in d2 all mix chiral with antichiral fields.
15 The Spaces Er Special = Er ∩ E0Special
For r ≥ 3, the formula for dr becomes increasingly complicated in terms
of the operators δr and the Laplacians [10]. We will imagine for present
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purposes that we can simply take
dr ≈ ΠrδrΠr (165)
and we will not need (at present) to return to the problem of analyzing the
correct expression for dr–the point is that we will find a subspace of H in the
following process, and we will therefore be able to verify our result without
the spectral sequence once we have found it. But the spectral sequence helps
us to organize the task and enables us to use results that have already been
derived.
The next operators are:
δ3 =
∫
d4x
{
kZa
δ
δZ˜a
+ σµ
αβ˙
cαξa
δ
δλ˜
a
β˙
}
(166)
δ5 = c
α∇α Gauge + c
α˙∇α˙Gauge + c
α∇˜α Gauge + c
α˙∇˜α˙Gauge
+ cασµ
αβ˙
cβ˙(ǫµ)† (167)
Since Er Special does not depend on gauge or ghost fields, we easily see that
dr ≈ ΠrδrΠr; r = 2, 3, 4, 5 and their adjoints are all zero on our subspace
Er Special.
Next we have
δ6 = c
α∇α Matter + c
α˙∇α˙Matter + c
α∇˜α Matter + c
α˙∇˜α˙Matter
+
∫
d4x
{
cασ
µ
αβ˙
cβ˙ω˜a
δ
δV˜ µa
+cασµ
αβ˙
cβ˙V aµ
δ
δωa
+ cασµ
αβ˙
cβ˙∂µZ˜
a δ
δξ˜a
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+ cασµ
αβ˙
cβ˙∂µξ
a δ
δZa
}
(168)
The first part of this operator was discussed in [15]. It is
d6;∇ = Π6δ6;∇Π6 = Π6{c
α∇α Matter + c
α˙∇α˙Matter
+ cα∇˜α Matter + c
α˙∇˜α˙Matter}Π6 (169)
The Laplacian for this part is, when operating on chiral polynomials that
contain no derivatives:
∆6;∇ = Π6
{
(∇α˙)
†Π6∇β˙ + n[M − 4]
+ (∇α)
†Π6∇α + n[M − 4]
}
Π6. (170)
where we use the following abbreviations
M = 4N(F ) + 2N(ψ) (171)
M = 4N(F ) + 2N(ψ) (172)
As is discussed at length in [15], this operator restricts us to functions that
have at most one F or two ψ in them ( but still any number of A fields).
Also there is a nontrivial condition from the equation
Π6(∇α˙)
†Π6E7 Special = 0 (173)
This equation and all the others so far can be solved by taking a product
of those chiral superfields which are not Goldstone superfields of the spon-
taneous gauge symmetry breaking, with no derivative operators, and then
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integrating the result over chiral superspace. The result will be in E7Special.
The rest of d6 and its adjoint clearly give zero on our special subspace.
The next operator yields a number of important restrictions. It is:
δ7 =
∫
d4x
{
cαDa
δ
δD˜a
+ σµ
αβ˙
∂µψ
β˙
i
δ
δψ˜i
+mgijF j
δ
δF˜
i
+mgijAj
δ
δA˜
i
+mgijψ
α˙
j
δ
δψ˜
iα˙
+mgijF
j δ
δF˜i
+mgijA
j δ
δA˜i
+mgijψ
j
α
δ
δψ˜iα
+ cαT aiσµ
αβ˙
ψ˜
β˙
i
δ
δV˜ aµ
}
(174)
This is very similar to the problem that we analyzed above in section (11)
except that there are more fields and the mass matrices must be diagonalized.
For simplicity of notation, let us assume that it is diagonal. Let us define
the operator Ω by:
mΩ =
∫
d4x{mgijF
j δ
δF˜i
+mgijA
j δ
δA˜i
+mgijψ
j
α
δ
δψ˜iα
}
≈ m
∑
j
ej [F
jF˜
†
j + A
jA˜
†
j + ψ
jαψ˜
α†
j ] (175)
Note that this operator commutes with supersymmetry
{Λα,Ω} = 0 (176)
so that it is easy to find the solution at this point. The relevant form is
E8Special = PMassless[m,A, ψ, F, A˜, ψ˜, F˜ , N(c) ≥ 1, N(ǫ) = 4]
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+ ΩPMassive[A,ψ, F, A˜, ψ˜, F˜ , N(c) ≥ 1, N(ǫ) = 4] (177)
where by PMassless is we mean that this arbitrary polynomial can depend
only on massless chiral superfields but also on the parameter m, whereas by
PMassive we mean that if any monomial in this arbitrary polynomial depends
on a massive chiral superfield, then it cannot also depend on the parameter
m. This follows from the following form of the Laplacian:
∆7 = Π7{[NMassive(A) +NMassive(A˜)]N(m) + Ω
†Ω}Π7 (178)
where
NMassive(A) +NMassive(A˜) = [Ω + Ω
†]2 (179)
So at this stage we have a cohomology space which includes both massive
fields to be treated in the rather complicated way indicated in section (11)
and also massless fields which can occur accompanied by explicit powers of
mass and consequently may be easier to separate from other terms. The
equation of motion terms in δ7 again are automatically zero in the subspace
E7Special because they mix chiral with antichiral fields or sources. Next we
have
δ9 =
∫
d4x m
{
T
a
i λ
a
α
δ
δψ˜iα
+ T aiλ
a
α˙
δ
δψ˜
i
α˙
+ T
b
iψ
j
α
δ
δλ˜aα
+ T aiψiα˙
δ
δλ˜
a
α˙
}
(180)
δ10 =
∫
d4x m
{
DaT
a
i
δ
δF˜i
+ c.c. + (T
a
iA
i + T aiAi)
δ
δD˜a
}
(181)
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These are eliminated because of (160).
δ11 =
∫
d4x
{
σ
µ
αβ˙
∂µλ
aβ˙ δ
δλ˜aα
+ σµα˙β∂µλ
aβ δ
δλ˜
a
α˙
}
(182)
This is eliminated because our special subspace contains no gauge fields.
δ13 =
∫
d4x {✷Ai
δ
δF˜i
+✷Ai
δ
δF˜
i
} (183)
These equation of motion terms are zero in the subspace because they mix
chiral with antichiral fields.
δ14 =
∫
d4x
{
∂µV
µaT
a
i
δ
δF˜i
+ c.c. +m[T ai∂µAi + T
a
i ∂
µAi]
δ
δV˜ µa
}
(184)
Again, this is zero because of (160) or because it contains derivatives.
δ15 =
∫
d4x
{
(✷V aµ − ∂µ∂νV aν )
δ
δV˜ µa
+ kmT
b
ic
αψiα
δ
δξ˜a
+ c.c. + km(T aiAi + T
a
iA
i)
δ
δZ˜a
}
(185)
Again, this is zero because of (160).
δ16 =
∫
d4x
{
∂µV aµ
δ
δZ˜a
+✷ωa
δ
δξ˜a
}
(186)
This is zero because it contains none of the fields in our special subspace.
Now we come to an important operator:
δ17 =
∫
d4x
{
−[fabcλ˜bαλ
αc + fabcλ˜
bα˙
λ
c
α˙]
δ
δω˜a
−
1
2
fabcωbωc
δ
δωa
+ ωaJa + cασµ
αβ˙
∂µλ
aβ˙ δ
δξ˜a
+ c.c. + cασµ
αβ˙
T aij V
a
µ ψ
β˙
i
δ
δF˜j
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+kmT
b
iψ
iα δ
δξ˜a
+ c.c.
+
[
fabcD˜bDc + V µabV˜ bµ + ψ˜
α
i T
ai
j ψ
j
α + ψ˜
iα˙
T
aj
i ψjα˙
+ A˜iT
ai
j F
j + A˜
i
T
aj
i F j + A
iT
aj
i F˜j + AiT
ai
j F˜
j] δ
δω˜a
}
(187)
where
Ja(x) =
∑
All Fields (except ξ,Z,ξ˜,Z˜)
(Field)j(x)T aij ω
c δ
δ(Field)i(x)
(188)
Two new restrictions arise from this operator. They are:
JaE18Special = 0 (a = non− goldstone directions only) (189)
At this point it is necessary to point out that only those ωa which are still
gauge symmetries survive to this stage. The others were eliminated when the
Goldstone modes were eliminated, when the equations (160) were imposed.
Next we have:
δ18 =
∫
d4x
{
k m [ξbT bji u
iT akj Ak + ξ
bT
bj
i ujT
ai
j A
j ]
δ
δω˜a
+ k m ξaT
a
jT
bj
i ω
b δ
δF˜i
+
1
2
fabcV bµV
c
ν σ
µν
αβc
β δ
δλaα
}
(190)
δ19 =
∫
d4xV µab∂µξ
b δ
δω˜a
(191)
These both yield zero.
δ22 =
∫
d4x
{
fabcD˜b[
−i
2
cασ
µ
αβ˙
λ
cβ˙
+
i
2
λcασ
µ
αβ˙
cβ˙]
δ
δV˜ aµ
+ (VµD˜)
aσ
µ
αβ˙
cβ˙
δ
δλ˜aα
−
[−i
2
cασ
µ
αβ˙
V abµ λ
bβ˙
+
i
2
V abµ λ
bασ
µ
αβ˙
cβ˙
] δ
δDa
}
+ c.c. (192)
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This yields no restriction. Next
δ23 =
∫
d4x
{[
V
j
µiV
µk
j muk + gijk[2A
jF k + ψαjψkα]
] δ
δF˜i
+ (VµA˜)iσ
µ
αβ˙
cβ˙
δ
δψ˜iα
+ gijkA
jψkα
δ
δψ˜iα
+ (Vµψ)
iασ
µ
αβ˙
cβ˙
δ
δF i
+ gijkA
jAk
δ
δA˜i
+ c.c. (193)
This may generate a non-trivial constraint since the argument made in sec-
tion (11) will not work in general. We shall not attempt a general treatment
of it here, except to mention that again this operator commutes with super-
symmetry.
{δ′23,Λα + Λ˜α} = 0 (194)
where we define
δ′23 =
∫
d4x gijk
{
Ajψkα
δ
δψ˜iα
+
[
2AjF k + ψαjψkα
] δ
δF˜i
+ AjAk
δ
δA˜i
+ c.c.
}
Π23 (195)
Next
δ24 =
∫
d4x
{
(VµA)
iσ
µ
αβ˙
cβ˙
δ
δψiα
+ σµ
αβ˙
(Vµψ
β˙
)i
δ
δψ˜iα
}
+ c.c. (196)
The first term needs some thought. It is of course required to make gauge
invariant the transformation of the ψ field when derivatives are present. For
our special subspace with no derivatives, it can be ignored. The reason is
that for k = 1, (124) eliminates all Vµ with no derivatives from E1 (See [10]
for details). The second term mixes chiral and antichiral and so it can be
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ignored as usual. Now, for reasons already given, all terms vanish up to δ39.
δ25 =
∫
d4x
{
ψ
α˙
j T
aj
i λ
a
α˙
δ
δF˜i
+ T
ai
j Aiψ˜
iα˙
σµα˙βc
β δ
δV˜ aµ
+ T aij Aiψ
αj δ
δλ˜aα
}
+ c.c.
(197)
δ26 =
∫
d4x
{
DaT
aj
i Aj
δ
δF˜i
+T aij ψ
αjσ
µ
αβ˙
ψ
β˙
i
δ
δV˜ aµ
+T aji AjA
i δ
δD˜a
}
+c.c. (198)
δ28 =
∫
d4x
{
−
1
2
fabcλbασ
µ
αβ˙
λ
bβ˙ δ
δV˜ aµ
+ σµ
αβ˙
(Vµλ)
aβ˙ δ
δλ˜aα
}
(199)
δ30 =
∫
d4x
{
[V jµi∂
µk
j Ak + ∂µV
µk
i Ak]
δ
δF˜i
+ [T aij A
j∂µAi + T
ai
j Ai∂
µAj ]
δ
δV˜ aµ
}
(200)
δ32 =
∫
d4x T aij λ
a
αAi
δ
δψ˜iα
+
[
fabcV bν [∂µVν)
c − ∂νVµ)
c] + fabc∂ν [V bµVν)
c
] δ
δV˜ aµ
+
[
k m T aij u
jT
ak
i ω
aAk + k m T
ai
j uiT
aj
k ω
aAk
] δ
δξ˜a
}
(201)
δ33 =
∫
d4x∂µV
ab
µ ω
b δ
δξ˜a
(202)
δ35 =
∫
d4x
[
(Vνλ˜)
aασ
µν
αβc
β + (Vνλ˜)
aα˙σ
µν
α˙β˙
cβ˙
] δ
δV˜ aµ
(203)
All the above give no new constraints. However δ39 does yield some new
equations.
δ39 =
∫
d4x
12
m
gijkl
{
(AjAkF l + ψαjψkαA
l)
δ
δF˜i
+ AjAkψlα
δ
δψ˜kα
+
1
3
AjAkAl
δ
δA˜i
}
(204)
and once again this operator commutes with supersymmetry. Finally we
have
δ49 =
∫
d4x fabcV bνf cdeV dµ Vν)
e δ
δV˜ aµ
(205)
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δ50 =
∫
d4x
[
T aij A
jV
µk
i Ak + V
µk
i A
iT
aj
k Aj
] δ
δV˜ aµ
(206)
and these give nothing new.
16 Equations for E∞Special
Collected together we get:
ΛαMatterE∞Special = 0 (207)
Π6∇β˙MatterE∞Special = 0 (208)
Π6[M − 4]E∞Special = 0 (209)
where we use the following abbreviation
M = 4N(F ) + 2N(ψ) (210)
So this restricts us to functions that have at most one F or two ψ in them.
However they can still have any number of A fields. Next, we also have the
equations that result from the requirement that this subspace be independent
of the Goldstone modes and not vanish by the equations of motion. The
relevant subspace was (177) as restricted by equations (160) and (189), but
I have not tried to further explicitly restrict this with the operators (195)
and (204). That is best left for specific cases where the tensors are known
explicitly.
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17 The Space HSpecial
Now we give rules to construct the space HSpecial ≈ E∞Special. The simplest
case to analyze is the case when there is no chiral action at all and conse-
quently no spontaneous gauge symmetry breaking or VEVs. In this case the
answer is already known from previous work, and the answer is that HSpecial
contains all possible expressions of the form
∫
d4xd2θΦαSi1 · · ·Si1t
i1,i2,···ikcα (211)
where the tensors ti1,i2,···ik are invariant tensors under the group:
k∑
q=1
T
aiq
jt
i1,i2,···jiˆq···ik = 0 (212)
What we have discovered by the foregoing analysis is very simple. When
SChiral is non-zero, the set of constraints on the cohomology space HSpecial
changes in the following ways:
1. When SChiral is non-zero, one gets the additional constraints (we assume
the renormalizable case again here):
[mgij(u)F
j + gijk(u)(A
jF k + ψjαψ
kα)]†HSpecial = 0 (213)
[mgil(u)A
l + gijk(u)A
jAk]†HSpecial = 0 (214)
[gil(u)ψ
l
α + gijk(u)A
jψkα]
†HSpecial = 0 (215)
In general I would expect that there are plenty of solutions– equiva-
lently there are usually plenty of supersymmetric polynomials with the
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required gauge invariance that are not related by the equations of mo-
tion. The simplest such objects will be those which commence with a
zero mass superfield.
2. When the VEV is not zero, one gets the additional constraints
[T ai A
i]†HSpecial = 0 (216)
[T ai ψ
iα]†HSpecial = 0 (217)
[T ai F
i]†HSpecial = 0 (218)
3. Once the equations for (2) are satisfied, the invariance of the tensor in
(212) reduces to invariance under the remaining gauge invariance after
gauge symmetry breaking as required by equation (189).
4. It is clear that we do not generate the whole cohomology space in this
way, but only a part of it. The rest must wait for a more complete
solution of the cohomology problem.
18 Discussion of the Superpotential
Now that we have the equations for HSpecial, and we have discussed the solu-
tions, let us discuss the superpotential from this point of view. In most cases
of interest, the reducible representation T aij is fully reducible and reduces to
a set of irreducible representations of the group:
Si =
∑
I
SiI (219)
51
These irreducible chiral superfields then can have the following properties:
1. The first question for each SiI is whether any of its A
i
I components
develop a VEV or not. If
< AiI >= mu
i 6= 0 (220)
then we shall call it a ‘Higgs’ multiplet.
2. The second question for each SiI is whether any of its components A
i
I
contributes to a Goldstone Boson or not. If one or more of them do,
we shall call the multiplet a ‘Goldstone’ multiplet. Goldstone bosons
always occur in Higgs multiplets because that is the way that the Yang-
Mills vector scalar mixing terms arise in the shifted action before ‘t
Hooft style gauge fixing.
3. The third question for each SiI is whether any of its A
i
I components do
not appear in mass terms after spontaneous gauge symmetry breaking
even though they are not Goldstone boson–these massless but non-
Goldstone bosons can be distinguished by the fact that they do not
have mixing terms with the Yang-Mills vector fields, or equivalently,
that the multiplet possesses massless scalars but has zero VEV:
< AiI >= o (221)
Multiplets of this kind we shall call massless matter chiral superfields.
Our example below illustrates this phenomenon, which is well known
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in the standard model where there is no right handed partner for the
neutrino, so that it must be massless even after spontaneous gauge
symmetry breaking.
4. Finally there are multiplets which are none of the above. These have
zero VEV, no Goldstone bosons and no other massless bosons. These
are the massive matter multiplets. It is currently believed that the
quarks are in massive matter multiplets.
In all the cases above, each boson has supersymmetry partners of course,
because supersymmetry is not broken.
Now return to our discussion of HSpecial. Clearly the simplest solutions
of these equations involve massless matter chiral superfields, but there are
also solutions that involve massive matter multiplets in the way indicated in
section (11). We shall not try to discuss the higher constraints in any more
detailed way–one simply has to verify that the equations are solved for any
particular case.
19 A Simple Example
This example was also presented in [4]. The present discussion will be more
complete since the earlier discussion was necessarily rather short by reason
of space restrictions.
We consider a supersymmetric gauge theory based on the gauge group
SU(2) with matter in two vector multiplets and a singlet: La : I = 1;Ha :
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I = 1;R : I = 0. These ‘a’ indices transform with iǫabc and take the values
a=1,2,3. Since the ‘a’ indices are real and since δab is an invariant tensor of
SU(2), there is no difference when we raise and lower these indices.
Without any good reason, we shall assume that the superpotential does
not contain a mass term for the L field. It is easy to find more natural
examples where no mass term is possible for the relevant fields [6].
Since the ‘Higgs field’ Ha is in a real representation of the gauge group,
it can have a mass term in the superpotential.
Now we assume the following form for the superpotential:
W = g1L
aHaR +
g2m
2
HaHa +
g3
4m
[HaHa]2 (222)
Note that renormalizability is not a property of this superpotential.
If g2g3 < 0 , the Higgs field will develop a VEV in its ‘A’ term that breaks
the gauge symmetry down to U(1) while leaving supersymmetry unbroken.
The L and R fields develop no VEV. Let us denote components as follows:
La = Aa + θαψaα +
1
2
θ2F a (223)
Ha = Ba +mua + θαφaα +
1
2
θ2Ga (224)
R = A+ θαψα +
1
2
θ2F (225)
We distinguish a = i, 3 where i = 1, 2. Here we have included a shift by the
VEV:
< Ba >before shift= δ
a3m
√
−g2
g3
≡ δa3mh ≡ mua (226)
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Then the ‘F’ term of the superpotential becomes:
WF =
[
g1L
a(Ha + δa3mh)R +
g2m
2
(Ha + δa3mh)(Ha + δa3mh)
+
g3
4m
[(Ha + δa3mh)(Ha + δa3mh)]2
]
F
(227)
In terms of components, this makes the following contribution to the action:
SChiral =
∫
d4xWF =
∫
d4x
{
g1(mhA
3F +mhψ3αψα +mhF
3A)
+g1(A
aBaF + ψaφaA+ F aBaA + Aaφaψ + AaGaA + ψaBaψ)
+ terms involving H superfield only
}
(228)
The essential point to note here is that there is no mass term like
m(AiF + ψiαψα + F
iA) (229)
for i = 1, 2 which would give a mass to the L1 and L2 superfields. They
are massless after spontaneous breaking of the gauge symmetry, but they are
not Goldstone fields. The Goldstone bosons are contained in the fields H i.
Equally important for the example below is the fact that L does not appear
quadratically in the superpotential so that there is no term like AiAi in the
equations of motion either.
The simplest composite operator (together with a source Φα that could
develop a supersymmetry anomaly seems to be:
SComposite =
1
m3
∫
d4xd4θ
{
ΦαD
β˙
[L
a
H
a
]Dβ˙DαR
}
(230)
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The fraction 1
m3
is included so that Φα will have its canonical dimension of
1
2
. After translation of the Higgs field, we find the terms
SComposite =
1
m2
h
∫
d4x
{
χα
[
(σµ)γβ˙∂µA
3
σν
αβ˙
∂νψγ
+ ψ
3β˙
(σµ)αβ˙∂µF + · · ·
]
+ · · ·
}
(231)
The form of the supersymmetry anomaly that we would like to calculate
is
δΓΦ = me
∫
d4xd2θΦαcα
∑
i=1,2
L
i
L
i
= me
∫
d4xχαcα
∑
i=1,2
A
i
A
i
+ · · · (232)
This is in the cohomology space for the reasons given above–it is linearly
independent of the polynomials that vanish by the equations of motion of
this theory, and because these fields Ai are massless, there is no complicated
mixing problem to separate their coefficients like we need to do for massive
fields in section (11).
The relevant triangle diagrams here are linearly divergent and it appears
dimensionally possible for the anomaly to appear. Do these diagrams add
together to preserve supersymmetry or not? Should one introduce a regu-
larization somehow into the calculation? At present I am not sure how to
calculate the coefficient e in this or any model. The first question clearly is
‘Which diagrams should one calculate?’ This question will be the topic of
the next sections.
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20 Tactics for Computing Supersymmetry
Anomalies
Now let us consider how one would choose the diagrams to actually compute
a supersymmetry anomaly. For this purpose, it is useful to simplify our
operator down to a more tractable size, to see how things work.
The following transformations are the gauge and supersymmetry trans-
formations for a very simple theory, involving only one chiral superfield. We
suppress the Yang-Mills fields and the Goldstone mechanism for present pur-
poses. This operator is the full BRS operator which contains the partial
operator analyzed in section (11).
δA = cαψα (233)
δψα = ∂µAσ
µ
αβ˙
cβ˙ + Fcα (234)
δF = ∂µψ
ασ
µ
αβ˙
cβ˙ (235)
δA˜ = cαψ˜α − F + 2mA+ 3gAA (236)
δψ˜α = ∂µA˜σ
µ
αβ˙
cβ˙ + F˜ cα + σ
µ
αβ˙
∂µψ
β˙
+ 2mψα + 6Aψα (237)
δF˜ = ∂µψ˜
ασ
µ
αβ˙
cβ˙ +✷A+ 2mF + 6g(AF + ψαψα) (238)
δφα = c
β˙Wαβ˙ (239)
δWαβ˙ = ∂µφασ
µ
β˙γ
cγ + χαcβ˙ (240)
δχα = ∂µW
β˙
α σ
µ
β˙γ
cγ (241)
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Note that we have kept a simple non-linear term in the equation of motion,
so that we can see its effect.
21 General Form of PΦ(G = 1, D = 2)
Now let us write down the most general Lorentz invariant integrated local
polynomial, linear in the Φ superfield, of ghost charge 1 with the very low
dimension 2. It is:
PΦ(G = 1, D = 2) =
∫
d4x
{
χαcα[g1A+ g2A]
+W αβ˙[g3cαψβ˙ + g4ψαcβ˙] +W
αβ˙cαcβ˙[g5A˜ + g6A˜]
+φαcα[g7F + g8F + g9mA+ g10mA + g11A
2 + g12AA + g13A
2
]
+ φαcα[g14ψ˜
βcβ + g15ψ˜
β˙
cβ˙] + φ
ασ
µ
αβ˙
cβ˙[g16∂µA+ g17∂µA] (242)
We note that:
1. The dimension of the source superfield S˜ is two whereas the dimension
of the superfield S is only one. This limits the possibilities of con-
structing terms with more than one cα, since such terms have to be
accompanied by S˜ fields to compensate the higher ghost charge associ-
ated with more than one c.
2. There are more terms with φ than there are with W and more terms
with W than there are with χ. This is due to the fact that φ,W and
χ occur linearly. The number of possibilities is greater for the terms
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accompanying φ than for the terms accompanying χ because φ has
lower dimension than χ.
3. This general polynomial will not arise in perturbation theory–only the
subspace KΦ(G = 1, D = 2) ⊂ PΦ(G = 1, D = 2) of such polynomials
which satisfy
δKΦ(G = 1, D = 2) = 0 (243)
could be expected to arise. One could simply solve this set of equations
for the maximal free set of coefficients gi , and one would call the result-
ing polynomial KΦ(G = 1, D = 2) the set of all δ-closed polynomials.
But there is another way to construct this space of course, which is the
whole point of cohomology theory. We will do that below.
4. The number of terms here will rapidly increase as the dimension D in
PΦ(G = 1, D = 2) rises. We need to be able to pick out some special
minimum number of terms to calculate the physically relevant part
while ignoring the physically irrelevant boundary (image of δ) terms.
22 Counterterms and the Anomaly
Continuing with our dimension 2 example, we now write down the most
general polynomial linear in Φ with ghost charge 0 and dimension 2:
PΦ(G = 0, D = 2) =
∫
d4x{e1φ
αψα + e2φ
αcαA˜ + e3φ
αcαA˜} (244)
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Now we can use our cohomology result, which states that the most general
solution of the equation (243) takes the form:
KΦ(G = 1, D = 2) = δPΦ(G = 0, D = 2) + e4HΦ(G = 1, D = 2) (245)
and we recall that in general we could expect to get the following result in
perturbation theory
δΓΦ = KΦ(G = 1, D = 2). (246)
For the present case, we get from (244) and the above transformations in
(233)– (241):
KΦ(G = 1, D = 2) =
∫
d4x{e1[cβ˙W
αβ˙ψα + φ
α(∂µAσ
µ
αβ˙
cβ˙ + Fcα)
+e2[cβ˙W
αβ˙cαA˜+ φ
αcα(c
βψ˜β − F + 2mA + 3gA
2)]
+e3[cβ˙W
αβ˙cαA˜+ φ
αcα(c
α˙ψ˜α˙ − F + 2mA + 3gA
2
)]
+ e4[χ
αcαA+W
αβ˙cαψβ˙ + φ
αcαF ]} (247)
In this particular case, the term χαcαA occurs with the coefficient e4, which
is the physically meaningful coefficient of the anomaly. What term in Γ could
give rise to this term? The only way that this could arise in the expression
δΓΦ is from the terms
e4
∫
d4xχαcαA =
∫
d4x[∂µAσ
µ
αβ˙
cα
δ
δψβ˙
]Γ(χ, ψ)
+
∫
d4x[✷A
δ
δF˜
]Γ(χ, c, F˜ ) (248)
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The derivative in the functional deriviative operator could conceivably con-
vert the non-local functionals Γ(χ, ψ) and Γ(χ, c, F˜ ) into the local cohomo-
logically nontrivial term
∫
d4xχαcαA with a non-zero coefficient e4.
The coefficient e4 could also be obtained as the coefficient of the term
W αβ˙cαψβ˙ according to
e4
∫
d4xW αβ˙cαψβ˙ =
∫
d4x[∂µψ
β˙
σ
µ
αβ˙
cα
δ
δF
]Γ(W,F )
+
∫
d4x[∂µW
αβ˙σ
µ
β˙β
cβ
δ
δχα
]Γ(χ, ψ)
+
∫
d4x[∂µψ
β˙
σ
µ
β˙β
δ
δψ˜β
]Γ(W, c, ψ˜) (249)
This computation is harder than the one involving χ because it requires
knowledge of three parts of Γ rather than two. It is even harder to calculate
the coefficient e4 using the term φ
αcαF , because it gets contributions from the
boundary term with coefficient e2. To obtain e4 from φ
αcαF one would need
to calculate the coefficient e2 of the boundary terms also and then subtract.
So clearly the χα method is the easiest. Let us summarize some of the lessons
we have found here:
1. One could expect that the coefficient of the anomaly is generated most
easily from calculation of the χα terms in the action, since there are
fewer of them and they are more likely to be directly linked to the
anomaly coefficient. In higher dimensional cases one would calculate
at a minimum the terms Γ(χ,A,A, · · · , ψ) and Γ(χ, c, A,A, · · · , F˜ ) with
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one χ and one ψ or F˜ and all available numbers of A fields–see section
(11).
2. A detailed look at the way the boundary terms contribute to the co-
efficients will always be needed for specific cases, and this will become
increasingly complicated as the dimension increases.
3. The essential equation for finding the coefficient of the anomaly is (248)
and its generalization to higher dimensions and more fields.
4. Attempting to find the coefficient of the anomaly using equations like
(249) involves more work and is more likely to get mixed up with bound-
ary terms as the dimension increases. Of course, it would be desirable
to confirm that this gives the same result if one first finds a non-zero
result for the form (248).
5. The present example is useful because it is easy to generate complete
expressions which give results of general validity, but it has too low a
dimension to have any application to actual Feynman diagrams, since
there is no composite antichiral spinor superfield with dimension 1
2
,
which is what the present case would require. Indeed the lowest dimen-
sion composite antichiral spinor superfield is (2) which has dimension
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2
, and even it still looks too low in dimension (from the point of view
of divergence of the relevant Feynman diagrams) to have a reasonable
chance of developing an anomaly.
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6. The discussions in sections (11) and (19) are now seen to deal with the
important part of the calculation for practical purposes–namely the χα
part.
23 Conclusion
Our result is that when one considers the complete BRS operator for gauge-
fixed supersymmetric Yang-Mills theory coupled to chiral matter in four
spacetime dimensions with spontaneous breaking of gauge symmetry, but
not of supersymmetry, one finds that there is a subspace HSpecial of the coho-
mology space which was described in section (17) and (18) , and which can
be dealt with along the lines of section (11) and (22).
Supersymmetry anomalies of the simplest kind envisioned here would
involve superfields which are massless after spontaneous symmetry breaking
but which do not contain Goldstone bosons. A perfect example of such a
superfield is the neutrino superfield in the standard model. See [6] for more
details of the current analysis in the context of the standard model. For
reasons explained above, that kind of anomaly can only occur if the gauge
symmetry is spontaneously broken.
If this were the end of the story, it would be interesting but also rather
worrying from the phenomenological point of view, because it is hard to
imagine that all supersymmetry breaking arises from an anomalous mixing
of massive superparticles with the components of the neutrino superfield.
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Fortunately, there are a large number of superanomalies involving massive
fields also, but these are a little more involved to separate from non-physical
parts which vanish by the equations of motion. For these other cases, it is
not so obvious that one needs spontaneous gauge symmetry breaking to get
the anomalies, but again there is probably a need to ‘mix up’ fields at a
gauge-chiral vertex that seems most easily accomplished by a spontaneously
broken theory. This needs further investigation.
One might be concerned that the equation of motion of the superfield
sources Φα have not been used in the above. Actually these fields have some
complicated problems of their own, but it does not appear that including
these complications would be likely to make the cohomology space empty
or to significantly change the present results. It should also be mentioned
that a non-trivial transformation of the Φα sources under U(1) is probably
possible, which might be needed to explain the supersymmetry breaking of
the charged particles.
In conclusion, it still seems to be possible that these results are the start
of a phenomenologically interesting explanation of the breaking of super-
symmetry for all observed particles. If this is indeed the explanation, then
there must be a wealth of predictions available from pertubation theory with
a minimum of uncalculable non-perturbative dynamical assumptions. The
first step to test this possibility is to calculate some of the simpler examples
to see whether these anomalies do indeed appear with non-zero coefficients.
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The main issue there seems to be the question of an appropriate regulariza-
tion to use for this problem.
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